We draw the three-flavor phase diagram as a function of light-and strange-quark masses for both zero and imaginary quark-number chemical potential, using the Polyakov-loop extended Nambu-Jona-Lasinio model with an effective four-quark vertex depending on the Polyakov loop. The model prediction is qualitatively consistent with 2+1 flavor lattice QCD prediction at zero chemical potential and with degenerate three-flavor lattice QCD prediction at imaginary chemical potential. 
Introduction. Determination of the order of QCD phase transitions is an important subject not only in hadron physics but also in cosmology [1] . The chiral and deconfinement transitions are widely believed to be crossover at zero chemical potential, when physical values are taken for light and strange quark masses, m l and m s [2] [3] [4] . However, the order of the transitions is sensitive to the number (N f ) of flavors and the values of m l and m s . A sketch of the three-flavor phase diagram is plotted in Fig. 1 (a) as a function of m l and m s for the case of zero chemical potential (µ). This sketch, sometimes called the Columbia plot, is based on theoretical considerations and lattice QCD (LQCD) data [4] [5] [6] . The physical point lies near the second-order transition (solid) line. [16] and degenerate three-flavor [17] LQCD results that the RW transition at the end point is first order for light and heavy quark masses, but second order for intermediate masses.
For higher µ, the chiral crossover at the physical point is expected to become first order. In this case, there appears a * sasaki@phys.kyushu-u.ac.jp † sakai@phys.kyushu-u.ac.jp ‡ kounoh@cc.saga-u.ac.jp § yahiro@phys.kyushu-u.ac.jp critical end point (CEP) of the first-order transition line, and the transition becomes second order on CEP [7] [8] [9] . However, clear evidence of the behavior is not shown yet by LQCD because of the sign problem at real µ.
On the contrary, LQCD is feasible [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] at imaginary µ = iθT , where T stands for the temperature and θ represents the dimensionless chemical potential. QCD has a periodicity of 2π/3 in θ called the Roberge-Weiss (RW) periodicity [20] , because QCD is invariant under the extended Z 3 transformation [21] . At θ = π/3 mod 2π/3, there appears a first-order transition at T higher than some temperature T RW [20] . This is now called the RW transition [20] . On the RW transition line starting from the end point (θ, T ) = (π, T RW ), a spontaneous C symmetry breaking occurs [22] . Very recently, the order of the C symmetry breaking at the RW end point has been analyzed by two-flavor [16] and degenerate threeflavor [17] LQCD. For the two cases, the order is first order at small and large quark masses, but second order for intermediate masses. Figure 1(b) is a sketch based on the LQCD results for the RW phase transition at the end point . Most of the region is unknown at the present stage.
As an approach complementary to first-principle LQCD, we can consider effective models such as the Nambu-JonaLasinio (NJL) model [7, 8, 23] and the Polyakov-loop extended Nambu-Jona-Lasinio (PNJL) model [21, 22, [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . The NJL model can describe the chiral symmetry breaking, but not the confinement mechanism. The PNJL model is designed to make it possible to treat both the mechanisms. The effective models have ambiguity in determining their parameters [30] [31] [32] . We then take the following strategy. We first construct an effective model and determine parameters of the model in the regions where LQCD is feasible. Next, we predict physical quantities in the regions where LQCD is not feasible, using the constructed model. The original PNJL model cannot reproduce LQCD data at imaginary µ quantitatively [30] . This shortcoming of the PNJL model seems to be originated in the fact that the correlation between the chiral condensate σ and the Polyakov loop Φ is too weak. Therefore, in Ref. [34] , we extended the two-flavor PNJL model by introducing the effective fourquark vertex depending on Φ. This effective vertex includes additional mixing effects between σ and Φ. The new model is called the entanglement PNJL (EPNJL) model. The twoflavor EPNJL model reproduces LQCD data at zero and imaginary µ, particularly on strong correlations between the chiral and deconfinement transitions and also on quark-mass dependence of the order of the RW end point [16] . The two-flavor EPNJL model reproduces all LQCD data, without changing the parameters, at small real µ without [34] and with strong magnetic field [35] and at finite isospin chemical potential [34] .
In this paper, we extend the two-flavor EPNJL model to the three-flavor case. Parameters of the three-flavor EPNJL model are determined from LQCD data at zero µ and at the RW end point. The Columbia pot is drawn for the chiral transition at zero µ and for the C symmetry breaking at the RW end point.
Model setting. We start with the three-flavor PNJL model. The Lagrangian density of the model is
where
with the gauge coupling g and the Gell-Mann matrices λ a . Three-
In the interaction part, G S and G D denote coupling constants of the scalar-type four-quark and the Kobayashi-Maskawa-'t Hooft (KMT) determinant interaction [36, 37] , respectively, in which the determinant runs in the flavor space. The KMT determinant interaction breaks the U A (1) symmetry explicitly.
In the PNJL model, the gauge field A µ is treated as a homogeneous and static background field [25] . The Polyakov loop Φ and its conjugate Φ * are determined in the Euclidean space by
where L = exp(iA 4 /T ) with A 4 = iA 0 . In the Polyakov gauge, A 4 is diagonal in the color space. The Polyakov potential U is assumed to be a function of Φ and Φ * . We take the Polyakov potential of Ref. [27] :
Parameters of U are determined to reproduce LQCD data at finite T in the pure gauge limit. Using the mean field approximation to the quark-quark interactions in (1), one can get the thermodynamic potential (per volume) [32] :
and σ s (≡ σ ss ) are determined by the stationary condition [32] .
When µ = iθT , the thermodynamic potential of QCD has the RW periodicity [20] , i.e. a periodicity of 2π/3 in θ. The PNJL thermodynamic potential Ω of (5) also has this periodicity, since the potential is invariant under the extended Z 3 transformation [21] . At θ = 0 and π, Ω is C symmetric [22] . Particularly at θ = π, it is spontaneously broken at higher T [20, 22] . The order parameter of the spontaneous C symmetry breaking is a θ-odd quantity such as the imaginary part of the modified Polyakov loop Ψ = Φe iθ [22] . An origin of the four-quark vertex G S is a gluon exchange between quarks and its higher-order diagrams. If the gluon field A ν has a vacuum expectation value A 0 in its time component, A ν is coupled to A 0 that is related to Φ through L [38] . Hence, G S is changed into an effective vertex G S (Φ) depending on Φ [38] . Here, the effective vertex G S (Φ) is called the entanglement vertex and all interactions including G S (Φ) are referred to as the entanglement interactions. It is expected that Φ dependence of G S (Φ) will be determined in the future by the accurate method such as the exact renormalization group method [38] [39] [40] . In this paper, however, we simply assume the following G S (Φ) that preserves the chiral symmetry, the C symmetry [22] and the extended Z 3 symmetry [21] :
This modification changes the mesonic terms having G S σ ii and the dynamical quark masses M ii in Ω. This is the threeflavor version of the EPNJL model, and this model has entanglement interactions in G S σ ii and M ii in addition to the covariant derivative included in the original PNJL model. In principle, G D can depend on Φ, too. However, we found that the Φ dependence of G D yields qualitatively the same effect on the phase diagram as that of G S . As a simple setup, we then neglect the Φ dependence of G D . In the present analysis, thus, the Φ-dependence of G D is renormalized in that of G S .
In the thermodynamic potential (5), we impose the isospin symmetry for the u-d sector (m l ≡ m u = m d ) and take the three-dimensional cutoff Λ for the momentum integration [32] , because this model is nonrenormalizable. Hence, the three-flavor PNJL model has five parameters G S , G D , m l , m s , and Λ. We use the parameter set of Parameters of U are determined to reproduce LQCD data at finite T in the pure gauge limit [27] . The original value of T 0 is 270 MeV, but the deconfinement temperature T c determined by the EPNJL model with this value of T 0 is much larger than T c ≈ 160 MeV predicted by full LQCD [2] [3] [4] . Therefore, we rescale T 0 to 150 MeV so that the EPNJL model can reproduce T c = 160 MeV.
The parameters α 1 and α 2 in (7) are so determined as to reproduce two results of LQCD at finite T . The first is a result of 2+1 flavor LQCD at µ = 0 [1] that the chiral transition is crossover at the physical point. The second is a result of degenerate three-flavor LQCD at θ = π [17] that the order of the RW end point is first order for small and large quark masses but second order for intermediate quark masses. The parameter set (α 1 , α 2 ) satisfying these conditions is located in the triangle region {−1.5α 1 + 0.3 < α 2 < −0.86α 1 + 0.32, α 2 > 0}. (8) Here, we take α 1 = 0.25, α 2 = 0.1 as a typical example.
Results. Figure 2 shows T dependence of light-and strange-quark condensates, σ l and σ s , and the Polyakov loop Φ at µ = 0. In the PNJL model of panel (a), σ l and σ s rapidly decrease at T ≈ 180 MeV as T increases, after Φ rapidly increases at T ≈ 130 MeV as T increases. Thus, the pseudocritical temperature of the chiral crossover is much higher than that of the deconfinement crossover. The same property is also seen in the two-flavor case [30] . In the EPNJL model of panel (b), meanwhile, the pseudocritical temperatures of the chiral and the deconfinement crossover almost coincide at T ≈ 160 MeV. Figure 3 shows the order of the chiral transition in the m lm s plane at µ = 0. This figure corresponds to the small m l and m s part of Fig.1(a) . The second-order chiral-transition line is drawn for three cases, the PNJL result (dotted line) and the EPNJL result (solid line) and LQCD data (+ symbols) [6] . For each of the three cases, there are the first-order region below the second-order line and the crossover region above the line. The second-order line predicted by the EPNJL model is close to that by LQCD data particularly near the physical point. Meanwhile, the first-order region predicted by the PNJL model is much smaller than that by LQCD data. Thus, the EPNJL model yields much better agreement with LQCD prediction than the PNJL model. The deconfinement transitions predicted by the PNJL and EPNJL models are crossover in the whole region shown in Fig. 3 . In the EPNJL model, the crossover deconfinement transition almost coincides with the chiral transition, even if the chiral transition is crossover. Now we consider the C symmetry breaking at θ = π for the case of three degenerate flavors (m s = m l ). Figure 4 represents the imaginary part of Ψ as a function of m l and T predicted by the three-flavor EPNJL model. When m l is large, the system is close to the pure gauge limit and hence the C-symmetry breaking is first order. When m l is small, meanwhile, the system is nearly chirally symmetric and therefore the transition is first order. In the intermediate mass region, the transition is second order. The result is consistent with the LQCD data [17] . Figure 5 shows the phase diagram for the C-symmetry breaking at the RW end point predicted by the EPNJL model. The diagram is plotted as a function of m l and m s up to Λ, the upper limit for the present model to be applicable. The In Figs. 4 and 5, the EPNJL prediction is shown for small and large current quark masses m q (q = l, s). The applicability of the NJL-type model to large m q , however, is an open question. In fact it was pointed out that m q dependence of the chiral-transition temperature is not consistent with the corresponding LQCD results [41, 42] ; as m q increases, the chiral-transition temperature goes up sizably in the NJL-type model but hardly changes in the LQCD results. In the EPNJL model, the chiral-transition temperature almost coincides with the deconfinement one that hardly depends on m q , so that the EPNJL result is consistent with the LQCD result for the transition temperature. It was also pointed out that for large m q the pion mass m π calculated with the NJL-type model is larger than the corresponding LQCD result [43] . In the NJL-type model the hadron mass calculation is questionable for large m q , particularly when the calculated hadron mass is bigger than the cutoff Λ. Therefore, the ENJL predictions shown in Fig. 4 and 5 should be regarded as qualitative ones for the m q > 100MeV region where the calculated pion mass is bigger than Λ. However, the fact that there is the second-order region at intermediate m q (< 100MeV) shows that there exists a boundary between the first-and second-order regions at large m q . In this qualitative sense, the phase diagram of Fig. 5 is reasonable for large m q . Figure 6 presents the phase diagram in the θ-T plane predicted by the PNJL and EPNJL models, where m l and m s have physical values. In the PNJL model of panel (a), a firstorder RW transition (solid) line is connected at the RW end point to two first-order deconfinement (dashed) lines. Hence, the RW end point is a triple point. In the EPNJL model of panel (b), the RW transition is second order at the end point, so that there is no first-order deconfinement line connected to the first-order RW transition line. For other parameter sets in the parameter region (8), the transition is weak first-order at the end point and hence the first-order RW transition line is connected at the RW end point to two very-short first-order deconfinement lines. Summary. In summary, we have extended the three-flavor PNJL model by introducing an entanglement vertex G S (Φ). The entanglement PNJL (EPNJL) model is consistent with 2+1 flavor LQCD data for the chiral transition at µ = 0 and degenerate three-flavor LQCD data for the RW transition at the end point calculated very lately. The three-flavor phase diagram for the RW transition at the end point is first drawn in the m l -m s plane by the EPNJL model justified above.
